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Abstract. Let F{z) = TZe{P{z)) + h.o.t be such that M = {F = 0) 
defines a germ of real analytic Levi-flat at £ C", n > 2, where P{z) 
is a homogeneous polynomial of degree k with an isolated singularity at 
£ C" and Milnor number /x. We prove that there exists a holomorphic 
change of coordinate (j) such that cf>{M) = {TZe{h) = 0), where h{z) is a 
polynomial of degree n + 1 and jo (h) = P. 



1. Introduction and Statement of the results 

Let M be a germ at € C" of a real codimension one irreducible an- 
alytic set. For the sake of simplicity we will denote germs and repre- 
sentative of germs by the same letter. Since M is real analytic of codi- 
mension one and irreducible, it can be defined in C"" by {F = 0), where 
F is an irreducible germ of real analytic function. The singular set of 
M is defined by sing{M) = (F = 0) D {dF = 0) and its smooth part 
(F = 0)\(dF = 0) win denoted by M* . The Levi distribution L on M* is 
defined by Lp := ker{dF{p)) C TpM* = ker{dF{p)), for any p G M*. 

Definition 1.1. We say M is Levi-flat if the Levi distribution on M* is 
integrable. 

Remark 1.2. The integrability condition of L implies that M* is tangent 
to a real codimension one foliation C. Since the hyperplanes Lp, p S M*, 
are complex, the leaves of C are complex codimension one holomorphic sub- 
manifolds immersed on M* . 

Remark 1.3. If the hypersurface M is defined by {F = 0) then the Levi 
distribution L on M can be defined by the real analytic 1-form rj = i{dF — 
BF), which will be called the Levi 1-form of F. The integrability condition 
is equivalent to {dF — dF) A ddF\M* = 

In the case of a real analytic smooth Levi-flat hypersurface M in C", 
its local structure is very well understood, according to E. Cartan, around 
each p £ M W6 Ccin find local holoniorpliic coordiiicttGS zi, . . . , Zn such that 
M = {7^e(zl) = 0}. 

More recently D. Burns and X. Gong [B-G] have proved an analogous 
result in the case M = ^-^(O) Levi-flat, where F : (C'', 0) (M, 0), n > 2, 
is a germ of real analytic function such that 

...,Zn)= TZeizf + ... + zl) + h.o.t. 
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They show that there exists a germ of biholomorphism cj) : (C",0) 
(C", 0) such that 4){M) = {ne{zl + . . . + 4) = 0). 

In [C-L] , the authors prove the above result by using the theory of holo- 
morphic fohations. In this paper we are interested in finding similar normal 
forms in a situation more general. Our main result is the following: 

Theorem 1. Let M = F-^{{)), where F : (C",0) (M,0), n > 2, be a 
germ of irreducible real analytic function such that 

(1) F{zi, . . . , Zn) = TZe{P{zi, . . . , Zn)) + h.o.t, where P is a homogeneous 
polynomial of degree k with an isolated singularity at & C". 

(2) The Milnor number of P at G is fi. 

(3) M is Levi-flat. 

Then there exists a germ of biholomorphism 4> : (C",0) — >■ (C",0) such 
that 4>{M) = {Tle{h) = 0), where h{z) is a polynomial of degree fi + 1 and 
j^h) = P- 

Remark 1.4. In particular, we obtain the result of [B-G]. 

Theorem 2. In the same spirit we have the following generalization: Let 
M = F~^(0), where F : (M,0), n > 3, be a germ of irreducible 

real analytic function such that 

(1) F{zi, . . . , Zn) = TZe{Q{zi, . . . , Zn)) + h.o.t, where Q is a quasihomo- 
geneous polynomial of degree d with an isolated singularity atO & C". 

(2) M is Levi-flat. 

Then there exists a germ of biholomorphism <j) : (C",0) — >■ (C^jO) such that 

(t>{M) = (TZeiQiz) + ^ cjejiz)) = 0), 
j 

where ei, . . . , are the elements of the monomial basis of the local algebra 
of Q such that deg{ej) > d and Cj G C. 

Acknowledgments 

I want to express my thanks to my advisor Alcides Lins Neto, for valuable 
conversations. The author would like to thank also IMPA, where this work 
was developed. I also want to thank the referee for his suggestions. 

2. Preliminaries 

Let us fix some notations that will be used from now on. 

(1) On '■ The ring of germs of holomorphic functions at G C". 
0{U) = set of holomorphic functions in the open set f/ C C*. 

(2) o; = {/ G On/fio) + 0}. 

= {/ G 0{U)lf{z) + 0,V^ G [/}. 

(3) Mn = {f ^ On/f{0) = 0} maximal ideal of On- 

(4) An '■ The ring of germs at G of complex valued real analytic 
functions. 

(5) AnR '■ The ring of germs at G C" of real valued real analytic 
functions. Note that F G An is in AnR if and only ii F = F. 

(6) Di//(C", 0) : The group of germs at G C" of holomorphic diffeo- 
morphisms / : (C",0) — >■ (C",0) with the operation of composition. 

(7) j^if) : The k-jet at G C" of / G 0„. 
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Definition 2.1. Two germs f,g & On are said to be right equivalent, if 
there exists cf) G Di//(C",0) such that f o cf)'^ = g. 

The local algebra of / G On is by definition 

Af = On/idf/dzi,...,df/dZn). 

Definition 2.2. Define by //(/, 0) := dimAf, the Milnor number of / at 
G C". 

Morse Lemma can now be rephrased by saying that if G C" is an isolated 
singularity of / with Milnor number 0) = 1 then / is right equivalent to 
its second jet. The next lemma is a generalization of Morse's Lemma. We 
refer to [A-G-V], pg.l21. 

Lemma 2.3. Suppose G C" is an isolated singularity of f E Mn with 
Milnor number fi. Then f is right equivalent to jQ~^^{f)- 

2.1. The complexification. In this section we state some general facts 
about complexification of germs of real analytic functions. 
Given F G An', we can write its Taylor series at G C" as 

(2.1) F(z) = ^F^,z''r, 

where G C, = (^ui, . . . ,;U„), u = (z^i, . . . ,z^„), = . . .2;^", z" = 
Zi^ ... Zn" ■ When F G AnR then the coefficients F^j, satisfy 

The complexification Fc G 02n of F is defined by the series 

(2.2) Fc{z,w) =Y,FiJ^^zi'w\ 

If F G AnR, F{0) = and M = ^"^(0) defines a Levi-flat, the complexi- 
fication 77c of its Levi 1-form rj = i{dF — dF) can be written as 

m = i{d.Fc - dy,Fc) = i^{Fi_,,w''d{z'') - Fi_,,z''d{w'')). 

The complexification Mc of M is defined as Mc = Fj7^(0) and its smooth 
part is = Mc\(dFc = 0). The integrability condition of = i{dF — 
dF)\M* implies that r/cUf* is intcgrablc. Therefore 7?c|m£ = defines a 
foliation Cic on that will be called the complexification of C 

Definition 2.4. The algebraic dimension of sing{M) is the complex dimen- 
sion of the singular set of Mc- 

Consider a germ at G of real analytic Levi-flat M = {F = 0), where 
F is irreducible in ^2R- Let Fc, Mc = (-Ffc = 0) C (C^,0) and be as 
before. We will assume that the power scries that defines F£ converges in a 
neighborhood of A = {{z,w) G C^/|2;|, \w\ < 1}, so that Fc{z,z) = F{z) for 
ah \z\ < 1. 

Let V := M^\sing{r)c\M*) and denote Lp the leaf of jCc through p, where 
p G V. In this situation we have the following important Lemma of [G-L]. 
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Lemma 2.5. In the above situation, for any p = {zq,wq) G V the leaf Lp is 
closed in M^. 

In the proof of theorem 1 we will use the following result of [C-L]. 

Theorem 2.6. Let M = F^^{0) be a germ of an irreducible real analytic 
Levi-flat hypersurface S C", n > 2, with Levi 1-form rj = i[dF — dF). 
Assume that the algebraic dimension of sing{M) < 2n — 4. Then there 
exists an unique germ at £ C" of holomorphic codimension one foliation 
Tm tangent to M , if one of the following conditions is fulfilled: 

(1) n > 3 and codM*{sing{r]c\M*)) > 3. 

(2) n > 2, codM*{sing(rj£\M*)) > 2 and jCq has a non-constant holo- 
morphic first integral. 

Moreover, in both cases the foliation Tm has a non-constant holomorphic 
first integral f such that M = {Re{f) = 0). 

3. Proof of theorem 1 

Let M = F-i(O) C (C", 0) be a Levi-flat, where F{z) = TZe{P{z)) + h.o.t 
with P be a homogeneous polynomial of degree k > 2 with an isolated sin- 
gularity at € C" and Milnor number ^. We want to prove that there exists 
</> G L>i//(C",0) such that 0(M) = (7^e(/l) = 0), where /i is a polynomial 
of degree /j. + 1. 

The idea is to use theorem 12.61 to prove that there exists a germ / € On 
such that the foliation defined by d/ = is tangent to M and M = 
(JZe{f) = 0). The foliation can viewed as an extension to a neighborhood 
of G C" of the Levi fohation ConM*. 

Suppose for a moment that M = {TZe{f) = 0) and let us conclude the 
proof. Without lost of generality, we can suppose that / is not a power in On- 
In this case TZe{f) is irreducible (cf. [C-L]). This implies that TZe{f) = U.F, 
where U G AnU and U{0) ^ 0. Let X^j>fc fj be the taylor series of /, where 
fj is a homogeneous polynomial of degree j, j > k. Then 

T^eifk) = io'(7^e(/)) = j^{U.F) = C/(0).7^e(P(zl , . . . ,z„)). 

Hence fkizi, . . . , Zn) = U{0).P{zi, . . . , z„). We can suppose that U{0) = 1, 
so that 

(3.1) f{z) = P{z) + h.o.t 

In particular, // = //(/, 0) = 0), / G Ain, because P has isolated singu- 
larity at G C". Hence by lemma [2^31 / is right equivalent to jQ~^^{f), i.e. 
there exists (p G -Di//(C",0) such that h := f o = j^"^ (/). Therefore, 
(j){M) = (TZe{h) = 0) and this will conclude the proof of theorem 1. 
Let us prove that we can apply theorem 12.61 We can write 

Fiz)=ne{P{zi,...,Zn))+H{ 

^1 ) • • • ; Zn ) , 

where H : (C", 0) — >■ (M, 0) is a germ of real-analytic function and jQ{H) = 0. 
For simplicity, we assume that P has real coefficients. Then we get the 
complexification 



Fc{z, w) = ^{P{z) + P{w)) + Hc{z, w) 
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and Mc = ^(0) C (C^", 0). In the general case, replacing P{w) = ^ ajw^ 
by P{w) = (ijW^ , we will recover each step of proof. 

Since P{z) has an isolated singularity at G C", we get sing{M£) = 
{0}, and so the algebraic dimension of sing{M) is 0. On other hand, the 
complexification of r/ = i{dF — dF) is 

m = i{dzFc - di,Fc). 

Recall that r]\M* and t/c|m* define C and £.£. Now we compute sing{r]c\M*)- 
We can write dFc = a + (3, with 

dFc , 1 , dP , , . , , 
-fi^dzj := - 2^{^{z) + Aj)dzj 



dz4 2 Sz,- 

j=i j=i ^ 



and 



i=i i=i 



where i Y^]^^ Ajdzj = Y]=i ^dzj and i ^^^^ Sjdu;^ = Y]=i T^dwj. 
Then r]c = i{a — and so 

(3.2) r]c\M* = ivc + idFc)\M* = 2ia\M* = -2i(3\M*- 

In particular, a\M* and (3\m* define Cc. Therefore sing{ric\M*) can be 
splited in two parts. Let Mi = {(z, w) G Mc||^ ^ for some j = 1, . . . , n} 

and M2 = {{z,w) G Mc||^ 7^ for some j = 1, . . . ,n}, note that Mc = 

Ml U M2 ; if we denote by 

dP dP 
Xi := Ml n { — {z) +Ai = ... = —{z) + An = 0} 

and 

9P dP 

X2 := M2 n {^{w) + Bi = ... = ^{w)+Bn = 0}, 

OWi OWn 

then sing{ric\M^) = ^1 U X2. Since P G C[zi, . . . ,Zn] has an isolated 
singularity at G C", we conclude that cod M* si ng{ric \ m* ) = n. 

If n > 3, we can directly apply Theorem 12.61 and the proof ends. In the 
case n = 2, we are going to prove that Cc has a non-constant holomorphic 
first integral. 

We begin by a blow-up at G C^. Let F{x,y) = TZe{P{x,y)) + h.o.t and 
M = F~^{0) Levi-fiat. Its complexification can be written as 

Fc{x, y, z, w) = ^P{x, y) + \p{z, w) + Hc{x, y, z, w). 

We take the exceptional divisor D = P'^ of the blow-up vr : (C^,P^) 
(C^,0) with homogeneous coordinates [a : b : c : d], {a,b,c,d) G C'^\{0}. 
The intersection of the strict transform Mc of Mc by vr with the divisor 

= p3 ig the surface 

Q = {[a:b:c:d\£ F^/P{a, b) + P{c, d) = 0}, 

which is an irreducible smooth surface. 

Consider for instance the chart (VF, (t, u, z, v)) of where 

7r{t,u,z,v) = {t.z,u.z, z,v.z) = {x,y,z,w). 
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We have 

Fc O TT{t, u, z, v) = u) + ^P(l, v) + zHi{t, u, z, v)), 

where Hi(t,u, z,v) = H{tz,uz, z,vz)/ z^^^ , which imphes that 
McDW = {^P{t,u) + ^P{l,v) + zHi{t,u,z,v) = 0) 

andsoQnW = {z = P{t, u) + P(l, v) = 0). 

On the other hand, as we have seen in (3.2), the fohation is defined 
by a\M* = 0, where 

IdP ^IdP ^dHc. ^dHc. 
a = -^dx + -^dy + -^—dx + -^—dy. 
2 ox 2 oy ox Oy 

In particular, we get 

1 dP 1 dP 1 

7r*(a) = z^~^(-^—(t,u)zdt H —(t,u)zdu + -kP(t,u)dz + z6), 

2 ox 2 oy 2 

where 6 = TT*{^dx + ^dy)/z^. 

Hence, Cc is defined by 

IdP IdP 1 

(3.3) ai = (t, u)zdt -\ 7^{t, u)zdu H — kP{t, u)dz + z6. 

2 Ox 2 oy 2 

Since Qr\W = [z = P{t, u) + P(l, v) =0), we see that Q is £c-iiivariant. 
In particular, S := Q\sing{Cc) is a leaf of £,£. Fix po & S and a transverse 
section ^ through po- Let G C Dif fi^^po) be the holonomy group of the 
leaf S of /^c- Since dimi^) = 1, we can think that G C Dif f{C,0). Let us 
prove that G is finite and linearizable. 

At this part we use that the leaves of Cc are closed (see lemma [23j) . 

Let G' = {/'(O)// S G} and consider the homomorphism (p : G ^ G' 
defined by (/>(/) = /'(O). We assert that (j) is injective. In fact, assume 
that 4>{f) = 1 and by contradiction that / ^ id. In this case f{z) = 
z + a.z^~^^ + . . ., where a ^ 0. According to [L], the pseudo-orbits of this 
transformation accumulate at € (^,0), contradicting that the leaves of 
jCc are closed. Now, it suffices to prove that any element g G has finite 
order (cf. [M-M]). In fact, if (j)(g) = g'{0) is a root of unity then g has finite 
order because (J) is injective. On the other hand, if g'{0) was not a root of 
unity then g would have pseudo-orbits accumulating at G (^, 0) (cf. [L]). 
Hence, all transformations of G have finite order and G is linearizable. 

This implies that there is a coordinate system w on (X];0) such that 
G = {w ^ Xw), where A is a d^'^-primitive root of unity (cf. [M-M]). In 
particular, ip{w) = w'^ is a first integral of G, that is ip o g = ip for any 
gGG. 

Let Z be the union of the separatrices of Cc through G and Z be 
its strict transform under vr. The first integral ^ can be extended to a first 
integral ip : Mc\Z ^ C be setting 

<^(p) = ^(Lpn^), 

where Lp denotes the leaf of Cc through p. Since ^ is bounded (in a compact 
neighborhood of G ^), so is (p. It follows from Riemann extension theorem 
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that if can be extended holomorphically to Z with '^{Z) = 0. This provides 
the first integral and finishes the proof of theorem [TJ 

4. QUASIHOMOGENEOUS POLYNOMIALS 

In this section, we state some general facts about normal forms of quasi- 
homogeneous polynomials. 

Definition 4.1. The Newton support of germ / = ^aijX^y^ is defined as 
supp{f) = : aij / 0}. 

Definition 4.2. A holomorphic function / : (C",0) — )• (C,0) is said to be 
quasihomogeneous of degree d with indices ai, . . . ,an, if for any A € C and 
(zi, . . . , Zn) € C", we have 

/(A"izi,...,A""z„) = A'^/(zi,...,z„). 

The index as is also called the weight of the variable Zs- 

In the above situation, if / = ^ akX^ , k = [ki, . . . , kn), x^ = x\^ . . . x'^", 
then supp{f) C T = {k : aiki + . . . + a„A:„ = d}. The set T is called the 
diagonal. Usually one takes Oj € Q and d = 1. 

One can define the quasihomogeneous filtration of the ring On ■ It consists 
of the decreasing family of ideals Ad C On, Ad' C Ad for d < d'. Here 
•^d = {Q '■ degrees of monomials from supp{Q) are deg{Q) > d}; (the degree 
is quasihomogeneous). 

When ai = . . . = = 1) this filtration coincides with the usual filtration 
by the usual degree. 

Definition 4.3. A function / is called semiquasihomogeneous if / = Q+F', 
where Q is quasihomogeneous of degree d of finite multiplicity and F' G Ad' , 
d' > d. 

We will use the following result (cf. [A]). 
Theorem 4.4. Let f be a semiquasihomogeneous function, f = Q+F' with 
quasihomogeneous Q of finite multiplicity. Then f is right equivalent to the 
function Q + Cjej{z), where ei, . . . , are the elements of the monomial 
basis of the local algebra Aq such that deg{ej) > d and cj G C. 

Example 4.5. If / = Q + F' is semiquasihomogeneous and Q{x,y) = 
x^y + J then / is right equivalent to Q. Indeed, the base of the local 
algebra 02/{xy, x"^ +ky^~^) is 1, x, y, y^, . . . , y^"^ and lies below the diagonal 
r. Here /u((5,0) = /c + 1. 

5. Proof of theorem [2] 

Let M = F~^(0) be a germ at € C", n > 3 of real analytic Levi-fiat 
hypersurface, where F{z) = TZe{Q{z)) + h.o.t and Q is a quasihomogeneous 
polynomial of degree d with an isolated singularity at S C". It is easily seen 
that sing{Mc) = {0} and codM*sing{Cc) > 3. The argument is essentially 
the same of the proof of theorem [TJ In this way, there exists an unique 
germ at € C" of holomorphic codimension one foliation Tm tangent to M, 
moreover Tm- dh = 0, h{z) = Q{z)+h.o.t and M = {TZe{h) = 0). Acoording 
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to theorem 1331 there exists (j) G Dif f{C^,0) such that hocf) ^{w) = Q{w) + 
^f,Ckek{w), where and as above. Hence 

^{M) = {ne{Q{w) + Y,Ckek{w)) = 0). 

k 

6. Applications 

Here we give some apphcations of theorem [TJ 

Example 6.1. Q{x,y) = x^y + y'^ is a homogeneous polynomial of degree 
3 with an isolated singularity at G C'^ and Milnor number 0) = 4. 
According to [A-G-V] pg. 184, any germ f{x,y) = x^y + + h.o.t is right 
equivalent to x'^y + y^. 

In particular, if F{z) = lZe{x'^y + y^) + h.o.t and M = {F = 0) is a germ 
of real analytic Levi-flat at G C^, theorem [1] implies that there exists a 
holomorphic change of coordinate such that 

M = {ne{x^y + y^) = 0). 

Example 6.2. If Q{x,y) = x^ + y^ then f{x,y) = Q{x,y) + h.o.t is right 
equivalent to x^ + y^ + c.x^y^, where c 7^ is a constant (cf. [A-G-V], pg. 
194). Let F{z) = ne{x^ + y^) + h.o.t be such that M = (F = 0) is Levi-flat, 
theorem [1] implies that there exists a holomorphic change of coordinate such 
that 

M = (7^e(x^ + / + c.x^y^) = 0). 
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